
1

Sobolev Training With Higher Order Derivatives
Thomas Hartmann, Matthias Kissel, Klaus Diepold

Chair of Data Processing, Technical University of Munich
t.hartmann@tum.de

Abstract—By applying Sobolev Training to a neural network,
it is not only trained to fit target output values but also target
derivatives with respect to the inputs. This approach can lead to
better generalization and also less training samples are required.
However, mostly only first order derivatives are used. In this
paper we investigate the network behavior when also higher order
derivatives are included in the training. We present a training
pipeline that enables Sobolev Training for regression problems
where target derivatives are directly available. We show for a
variety of function regression tasks that by using also higher
order derivatives smaller test errors can be achieved compared
to the training method using only the first derivative. For our
approach we also introduce a adaptive weighting factor for the
derivative errors that is calculated during training.
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I. INTRODUCTION

Today there are various of possible applications of neural
networks (NNs) in many different fields. One of them is
the use as approximators in regression tasks. This can be
any form of function approximation. Usually NNs are trained
using backpropagation, where the weights are updated only
regarding the output error of the network. But there exist
also approaches that integrate derivative information to the
training process. Several authors incorporate the additional
information by adding error terms for the derivatives to the
loss function (cf. [1], [2]). As the NN is trained to fit a func-
tion, it should therefore also match the function’s derivatives.
In [3] the authors showed that NNs with a bounded, non
constant and sufficiently smooth activation function can be
used as arbitrarily accurate approximators of a function and its
derivatives. In this paper we will use the same terms as Kissel
and Diepold [4]. The standard backpropagation approach for
neural network training will be called Value Training (VT) and
the modified backpropagation including derivative information
Sobolev Training (ST), where the order up to which the deriva-
tives are used will also be specified. For several applications it
is shown that ST converges faster than VT, the final test error
is lower and additionally using ST can make the NN more
robust to noise and also lead to better generalization (cf. [4]).
But most authors only use derivatives up to order 1. In [5],
however, derivatives up to the fifth order are used to solve
differential equations. Our goal is to present a method to use
also higher order derivatives for function approximation using
ST and also show the performance of our approach. Although
in most real-world problems the derivatives are not available, in
this work we only use known functions with known derivatives
to inspect the behavior of ST with higher order derivatives.

Evaluation is done by performing experiments with various
function regression tasks, different training data set sizes and
ST using derivatives up to different orders. We show that with
our approach the training results for regression tasks can be
improved compared to other methods. In Section II our training
method for ST using higher oder derivatives is shown. The
results for various function regression tasks are presented in
Section III. Finally our results are summarized in Section IV.

II. METHODS

For our method a prior knowledge of a function’s output and
also it’s derivatives up to a certain order is assumed. This data
is first transformed (cf. Section II-A) and after that the NN is
trained using the error function described in Section II-B.

A. Data Transformation

In [4] an approach for data transformation for ST is pre-
sented that should preserve the relative magnitudes between the
inputs, the output and the derivatives. However, they used only
first order derivatives, and their approach cannot be adapted for
higher order derivatives straight forward. Therefore we use a
similar, but simpler approach for our use case. Our method
is limited to functions with one dimensional output and only
two dimensional input. This approach could be extended to
multidimensional functions as well. The first step is to scale
the input data to unit variance and zero mean for each input
dimension:

x̃i = αixi + βi (1)

Then we also scale the output values to zero mean and unit
variance:

ỹ = γy + δ (2)

At last also the derivatives are transformed accordingly

d̃r1,r2 =
1

γ
αr11 α

r2
2 dr1,r2 (3)

with the derivatives

dr1,r2 =
∂r1

∂xr11

∂r2

∂xr22
y (4)

In this notation ri stands for the number of derivations with
respect to input xi.
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B. Error Function
For training a NN with backpropagation an error function

has to be defined, that can be derived to adapt the weights of
the network during training. The standard error function for
VT is

eV T =

N∑
i=1

l(ŷi, yi) (5)

with number of training samples N , loss function l, network
output yi for the ith trainings sample and ŷi as desired output.
As a loss function for example mean squared error can be
used. To incorporate derivatives to the training process this
error function is adapted, similar to [1], [2], [4], [5]

eST =

N∑
i=1

l(ŷi, yi) + M∑
j=1

ρj

KM∑
k=1

l(d̂ji,k, d
j
i,k)

 (6)

with derivative order M , number of partial derivatives for each
derivative order KM , weighting factor for each derivative order
ρj and the derivative of order j of the NN for the ith training
sample, dji,k and the desired derivative dji,k. We used all partial
derivatives of every order so that KM for input dimension two
is

KM = 2M . (7)

In this work all partial derivatives were calculated and used
during the training in comparison to [5], where only unique
derivatives were used, according to the Satz von Schwarz

∂

∂x1

∂

∂x2
f(x1, x2) =

∂

∂x2

∂

∂x1
f(x1, x2) (8)

The weighting factor ρj in equation 6 is necessary as the
magnitude of the derivative loss and the loss for the output can
be very different. In [2] they use the squared quotient of the
maximum absolute values of the target output and the target
derivatives multiplied by a constant factor 1× 104. In [5] the
inversed squared standard deviation of the target derivatives of
order j is used as ρj . However, we introduce another approach
with a more flexible ρ. An overview of the algorithm can
be seen in Algorithm 1. After the data transformation (cf.
Section II-A) the NN is initialized. The network is trained
until a stopping criterion is met. For every batch we calculate
the weighting-factor for each derivative order by taking the
quotient of the error of the derivative of specific order and the
output error. If it is greater than 10 we set ρj to the inverse
of this quotient to get the magnitudes to the same level. If it
is less than 10 ρj is set to 1. This is done for every batch so
we get different factors for every batch. After the calculation
of the ρj the gradients of the overall error are calculated and
the weights of the NN are adapted using.

III. RESULTS

To evaluate the performance of our approach we use the
same functions as [4], which can be seen in Table I.

They represent functions of different input- and output
ranges and different shapes. We only use functions with two
dimensional input- and one dimensional output space. The 5

Algorithm 1 Sobolev training wit higher order derivatives
Input: Input data X, output data Y and derivatives of Y

1: Data Transformation
2: Initialize NN and optimizer
3: while Stopping criterion not met do
4: Shuffle Data and Create Batches
5: for all batch in Batches do
6: calculate output error
7: for all order in DerivOrder do
8: calculate derivative error for specific order
9: if error bigger than 10 times output error then

10: set rho to the quotient of errors for this batch
11: else
12: set rho to 1
13: end if
14: end for
15: calculate overall error with previous calculated ρ
16: calculate gradients of error and adapt weights of the

NN
17: end for
18: end while
19: return trained NN

different types are bowl-shaped, plate-shaped, valley-shaped,
functions with steep ridges or drops and other functions. We
want to answer the following questions with our experiments:
• How is the performance of our training compared to VT

or ST using only first order derivatives?
• What is the influence of the size of the training data

and the shape of the target function to the model’s
performance?

• How is the performance of the training with adaptive
compared to static ρ?

For all experiments we use the same hyper-parameters for
our neural network, which can be found in Table II. We use a
NN with two hidden layers, each containing 200 neurons. We
work with tanh as activation function and mean squared error
as loss function. Additionally Adam optimizer with standard
parameter values is applied for training. The number of batches
is set to 10 and for all experiments both validation set and
test set consist of 4000 training samples. We do not run the
experiments for a fixed number of epochs, but apply early
stopping with a patience of 10 epochs.

First the performance of our approach is tested for an
exemplary function from each category. The training data
is created using random uniformly distributed points for the
inputs. With those inputs the corresponding necessary outputs
and derivatives are calculated. The network was trained 10
times for all functions, derivative orders and different numbers
of training samples. In figure 1 a plot of the mean error with
different numbers of training samples is shown together with
a confidence interval for each training method. The test error
for a single run is calculated with the model of the epoch with
the best validation error. As early stopping is used this is not
necessarily in the last epoch. Derivative order 0 denotes VT
without using derivative information during training.



3

TABLE I. FUNCTIONS USED FOR THE EXPERIMENTS WITH FUNCTION
CATEGORY

Function Definition Input Range

Bowl-Shaped

Sphere f(x) =
∑n
i=1 x

2
i xi ∈ [−5.12; 5.12]

Sum Diff. Pow. f(x) =
∑n
i=1 |xi|

i+1 xi ∈ [−1; 1]
Sum Squares f(x) =

∑n
i=1 ix

2
i xi ∈ [−10; 10]

Trid f(x) =
∑n
i=1(xi − 1)2

−
∑n
i=2 xixi−1

xi ∈ [−4; 4]

Plate-Shaped

Booth f(x) = (x1 + 2x2 − 7)2

+ (2x1 + x2 − 5)2
xi ∈ [−10; 10]

McCormick f(x) = sin(x1+x2)+(x1+x2)
2

− 1.5x1 + 2.5x2 + 1
x1 ∈ [−1.5; 4]
x2 ∈ [−3; 4]

Matyas f(x) = 0.26(x2
1+x

2
2)−0.48x1x2 xi ∈ [−10; 10]

Powersum f(x)

=
∑n
i=1

[(∑n
j=1 x

i
j

)
− bi

]2 xi ∈ [0; 2]
b = (8, 18)T

Valley-Shaped

Rosenbrock f(x) =∑n−1
i=1

[
100(xi+1 − x2

i )
2 + (xi − 1)2

]xi ∈ [−5; 10]

3 Hump Camel f(x) = 2x2
1 − 1.05x4

1 +
x61
6

+ x1x2 + x2
2

xi ∈ [−5; 5]

6 Hump Camel f(x) = (4− 2.1x2
1 +

x41
3 )x2

1

+ x1x2 + (−4 + 4x2
2)x

2
2

x1 ∈ [−3; 3]
x2 ∈ [−2; 2]

Dixon Price f(x) = (x1 − 1)2

+
∑n
i=2 i(2x

2
i − xi−1)

2
xi ∈ [−10; 10]

Steep Ridges or Drops

Easom f(x) = − cos(x1) cos(x2)
×exp

(
−(x1 − π)2 − (x2 − π)2

) xi ∈ [−5; 5]

Michalewicz f(x)

= −
∑n
i=1 sin(xi) sin

20(
ix2i
π )

xi ∈ [0;π]

Others

Styblinski Tang f(x) = 1
3

∑n
i=1(x

4
i−16x2

i+5xi) xi ∈ [−5; 5]
Beale f(x) = (1.5− x1 + x1x2)

2

+ (2.25− x1 + x1x
2
2)

2

+ (2.625− x1 + x3
2)

2

xi ∈ [−4.5; 4.5]

Branin f(x) = (x2− 5.1
4π2 x

2
1+

5
π x1−6)2 x1 ∈ [−5; 10]

x2 ∈ [0; 15]

Goldstein Price f(x) = [1 + (x1 + x2 + 1)2

× (19− 14x1 + 3x2
1 − 14x2

+ 6x1x2 + 3x2
2)]× [30 + (2x1

− 3x2)
2 × (18− 32x1 + 12x2

1
+ 48x2 − 36x1x2 + 27x2

2)]

xi ∈ [−2; 2]

TABLE II. HYPERPARAMETERS OF THE NNS

Hyperparameter Value

Hidden Layers 2

Neurons per Layer 200

Hidden Layer Activation tanh
Output Layer Activation Linear
Loss Function Mean squared Error
Optimizer Adam
Learning Rate 1× 10−3

β1 0.9

β2 0.999

Number of Batches 10

Validation Set Size 4000

Test Set Size 4000

Stopping Criterion Early Stopping
Patience pc 10

250 500 750 1000

10−2

100

102

SumSquares

250 500 750 1000

10−3

10−1

101
Matyas

250 500 750 1000

100

101

102

E
rr

or

SixHumpCamel

250 500 750 1000

10−2

10−1

Michalewicz

250 500 750 1000
number of Training Samples

100

101

102

Branin legend

derivOrder
0
1
2

3
4
5

Fig. 1. Comparison of the test errors for different numbers of training samples
using different maximal derivative orders for training

It is clear that ST overall outperforms VT for all the
functions except Michalewicz. For Sum of Squares and Matyas
the error decreases for ST with increasing derivatives up to
the fourth order. The fifth order barely leads to a further
improvement. For the functions Six Hump Camel and Branin
the error does barely decrease by using derivatives with higher
order than 1. Only for a small training set there is a small
improvement of the performance. For Michalewicz VT and
ST lead to very similar errors, so there is not a real benefit in
using ST.

In Table III the quotient of the test error for fixed and
adaptive ρ is shown for each function for ST with different
derivative orders d and different numbers of training samples
n. The fixed ρ is calculated as the inverse squared standard
deviation for each derivative order (cf. [5]). A value greater
than 1 denotes, that the error after training with adaptive
weighting factor is smaller than after training with a fixed
value of ρ. It can be seen that the adaptive choice of ρ leads to
almost the same results for derivative order one in all cases. For
Branin and Matyas the results for derivative order 2, however,
are worse as well as for derivative order 3 for Branin. For Sum
of Squares, Six Hump Camel and Michalewicz our approach
leads to much better results for derivative orders higher than
two. For Matyas, however, the results are quite different for
different numbers of trainings samples. For a small training
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TABLE III. QUOTIENT OF THE MEAN TEST ERRORS FOR DIFFERENT
NUMBERS OF TRAINING SAMPLES USING DIFFERENT MAXIMAL

DERIVATIVE ORDERS FOR TRAINING WITH ADAPTIVE AND
PRE-CALCULATED ρ

n\d 1 2 3 4 5

Sum of Squares

100 1 0.8 100 80 20
550 0.6 0.4 32 460 440
1000 1 0.3 19 290 415

Matyas

100 1.2 0.5 11 0.25 0.1
550 1 0.5 8 63 0.85
1000 0.9 0.3 4 100 9

Six Hump Camel

100 1 2 6 29 22
550 0.5 1.7 25 95 113
1000 0.5 1.2 18 85 111

Michalewicz

100 1.4 0.8 1.4 1.7 1.5
550 0.9 1.15 9.8 13.4 15.9
1000 0.9 1.1 7.2 12.7 15.2

Branin

100 0.9 0.3 0.1 0.8 4
550 1.3 0.2 0.3 38 54
1000 1.4 0.1 0.1 57 121

set a fixed weighting factor leads to better results.
For a further evaluation, all the functions of Table I are used

to compare performance. Only the results for derivatives up to
order 4 are shown. Again for every function and derivative
order the network was trained 10 times. To be able to join
functions of the same function category the test error is divided
by the mean test error of VT to overcome the problem of
different output ranges of the functions. So the performance of
ST relative to the performance of VT can be directly compared.
In Figure 2 the mean of the accumulated errors for each
function type is plotted together with the confidence interval.
Here the previous results can be confirmed. For bowl shaped
as well as plate-shaped functions the performance can be
improved by using derivatives up to the order of 3. Especially
for a small number of training samples a much smaller test
error can be achieved compared to VT. For valley shaped
functions and others it is clear that with ST overall the test
error is lower but there is no improvement by using derivatives
higher than order 1. For steep ridges or drops the results are
quite similar, that means higher order derivatives can barely
be used to reduce the test error for this function class with our
approach.

IV. CONCLUSION

In this paper we introduced a pipelinie to use Sobolev Train-
ing with higher order derivatives for function regression tasks
with prior known derivative information. The steps include
preprocessing (data transformation), and dynamic calculation
of the weighting factor ρ for the derivative errors during
training instead of a constant factor calculated before the
training process. In Section III it was shown empirically that
our approach with using derivatives up to order 3 leads to better
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Fig. 2. Comparison of the test errors, normalized by the mean error of VT,
for different numbers of training samples using different maximal derivative
orders for training

performance for certain functions types than VT. For greater
derivative orders the error can be reduced marginal in the
best case but with the burden of a much higher computational
effort. Overall our approach can lead to improved performance
for many regression tasks. However, our results raise further
research questions that lie out of the scope of this paper.

One problem is to get the target derivatives. For our pipeline
prior information of the derivatives is necessary although this
is usually not available in real world applications so methods
to approximate derivatives have to be applied. The calculation
of an adapted ρ during the training can lead to a better perfor-
mance when using derivatives of order 3 and higher. However
for smaller derivative orders the performance can be worse than
using a fixed ρ for some function classes. It has to be further
inspected how and if the performance for those functions can
be further improved using our approach. By increasing the
weight factor higher than 1 for very small derivative error
values, the training with higher order derivatives showed a
worse performance. This effect has to be inspected more
properly in future work. For example an additional weighting
factor with a smaller value for derivatives of higher order and
a bigger value for derivatives of smaller orders could be added.
Also a decreasing ρ over epochs could be used as in [4] to
decrease the importance of the derivatives during training.
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